Abstract. The problem of diffraction of an electromagnetic field by a locally nonhomogeneous body in a perfectly conducting waveguide of rectangular cross section is considered. This problem is reduced to solving a volume singular integral equation (VSIE). The examination of this equation is based on the analysis of the corresponding boundary value problem (BVP) for the system of Maxwell's equations and the equivalence of this BVP and VSIE. The existence and uniqueness for VSIE in the space of square-integrable functions are proved. A numerical Galerkin method for the solution of VSIE is proposed, and its convergence is proved. 1. Introduction. This paper is devoted to the study of diffraction of an electromagnetic field by a locally nonhomogeneous body in a perfectly conducting waveguide.
1.
Introduction. This paper is devoted to the study of diffraction of an electromagnetic field by a locally nonhomogeneous body in a perfectly conducting waveguide.
The analysis of diffraction by dielectric bodies in resonators and waveguides is a key issue for modeling the processes that take place in microwave ovens and when the scattering of electromagnetic field by biological objects is considered. Recent studies [25] , [26] show that it is also important for the correct statement, analysis, and solution of the inverse problems [2] of reconstructing the permittivity of dielectric inclusions in two-and three-dimensional guides.
The direct and inverse problems associated with the acoustic and electromagnetic wave propagation in parallel-plane guides were studied by many authors (see, e.g., [5] , [20] , and the bibliography therein). Two-dimensional problems of the diffraction by bodies possessing certain types of symmetry (like a body of revolution) located inside waveguides were considered, e.g., in [14] and [15] . The finite-difference time-domain method was applied in [4] to analyze the diffraction in axially symmetric dielectric waveguides and optical fibers.
The method of integral equations (IEs) [9] , [10] , and [7] for the analysis of the electromagnetic wave diffraction by dielectric and perfectly conducting bodies in guides has been developing since the 1960s; the boundary value problems (BVPs) for Maxwell's and Helmholtz equations with the Sveshnikov-Werner partial radiation conditions at infinity [28] were considered, and IE were obtained using Green's functions of the partial waveguide domains. Many findings were summarized later in books [11] , [8] , [3] , and [21] .
The surface IE method for the solution to the problems of wave diffraction by perfectly conducting bodies in guides was developed in [30] , [18] , and [17] . Among recent works note, e.g., [29] where an approach based on the analysis of the scattering matrix and a surface IE of the second kind was developed.
Most of the approaches referred to above deal with BVPs in bands (layers), that is, with a particular family of waveguide problems. There is a substantial difference between such problems and the case when a guide is a three-dimensional cylindrical domain (a tube). When a dielectric body is situated in such a waveguide, the results obtained, e.g., in [30] and [18] , concerning the unique solvability and solution techniques for the BVPs for Maxwell's and Helmholtz equations associated with the wave propagation and diffraction are not available, to the best of our knowledge. In fact, when a guide (a band or a tube) contains a dielectric inclusion, the IE method is associated with volume IEs, and a different technique should be applied, for example, the approach developed in [22] and [27] .
This fact becomes a driving force of our effort in developing a new approach to the solution of both direct and inverse scattering problems in waveguides. A specific aim of the present paper is to develop the methods applied in [25] for parallel-plane two-dimensional waveguides in order to study the diffraction by dielectric bodies in three-dimensional guides.
Such problems can be also solved numerically by the finite element method (FEM). However, the direct use of FEM presents certain difficulties. First, the corresponding BVP for Maxwell's equations is not an elliptic one; therefore, the standard schemes for the proof of the convergence of projection methods cannot be applied [13] . Second, in order to ensure an acceptable accuracy of the calculation of the field in a highly lossy body, a fine grid within the body must be used, which requires that the grid outside the body must be also fine (the use of different grid size inside and outside the body gives incorrect results). Additionally, since the problem is threedimensional, the matrices that appear in the FEM are sparse and have a very high order.
The method of volume singular IEs (VSIE) [22] is free of those drawbacks. In this method, the resulting VSIE operator is elliptic, and the IE is solved only inside the body (in the inhomogeneity region).
VSIEs are studied in classical papers and monographs [19] , [3] . This method is applied in [24] and [23] for the direct and inverse problems for Maxwell's and Helmholtz equations associated with the wave propagation in the waveguides with dielectric inclusions. In our approach, the BVPs are formulated in unbounded domains and with partial radiation conditions at infinity that contain the spectral parameter. The study is based on the version of the VSIE method developed by [27] and [25] ; the method of solution employs IEs constructed using Green's function of the domain occupied by a regular guide. We analyze the IE on the basis of the corresponding BVP using the theorem on the equivalence of this BVP and the IE. This enables us to prove the existence and uniqueness theorem for the solution of VSIE in L 2 and obtain some results concerning the solutions of BVP. A numerical Galerkin method for the VSIE solution is proposed, and its convergence is proved.
BVP for
Maxwell's equations. Consider the following diffraction problem. Assume that a waveguide
with the perfectly conducting boundary surface ∂P is given in the Cartesian coordinate system. A three-dimensional body Q (Q ⊂ P is a domain) with a constant magnetic permeability μ 0 and a positive (3 × 3) matrix (tensor) permittivityε(x) is placed in the waveguide. The components ofε are bounded functions inQ,
The boundary ∂Q of Q is piecewise smooth. More precisely, following [1] , we assume that every boundary point x 0 ∈ ∂Q has a neighborhood Θ (⊂ R 3 ) and there is a C 2 -diffeomorphism of this neighborhood on R 3 such that it takes the point x 0 to 0 and the set Θ ∩ Q to a set of one of the following types (in what follows, (x 1 , x 2 , x 3 ) are the Cartesian coordinates and (r, ϑ), r ≥ 0, ϑ ∈ S 2 are the spherical coordinates in R 3 ): x 1 > 0 (when x 0 is a point at which the boundary is smooth); x 1 > 0, x 2 > 0 (when x 0 is located at an outgoing edge); R 3 \ {x 1 ≥ 0, x 2 ≥ 0} (when x 0 is located at an incoming edge); or r > 0, ϑ ∈ Q , where Q ⊂ S 2 is a simply connected domain with a piecewise smooth boundary ∂Q (x 0 is the vertex of a cone having edges). In particular, if ∂Q is smooth, then x 0 is a cone point; if ∂Q is formed by great-circle arcs, then x 0 is the vertex of a polyhedral angle. Let Q be a bounded domain and every point x ∈ ∂Q belong to one of the types described above. Then, we say that Q has a piecewise smooth boundary.
We also assume that Q does not touch the walls of the waveguide; i.e., ∂Q ∩ ∂P = ∅. In the region P \Q, the medium is isotropic and homogeneous with the constant ε 0 (> 0), μ 0 (> 0).
Let D (Ω) be the space of generalized functions in Ω and E (Ω) the space of generalized functions with compact support in Ω for an arbitrary domain Ω ⊂ R n (n ≥ 1). Let us define, for arbitrary real s, the spaces H
. We want to find the electromagnetic field E, H ∈ L loc 2 (P ) that is induced in the waveguide by the external field with the time dependence e −iωt . The external field is induced by the electric current j 0 E ∈ L loc 2 (P ). The differential operators grad, div, and curl are interpreted in the sense of distributions.
We will seek weak (generalized) solutions to Maxwell's system of equations (below, the notion of a solution will be refined):
These solutions should satisfy the conditions at infinity [12] : the fields E and H admit for |x 3 | > C for sufficiently large C > 0 the representations (+ corresponds to +∞ and − to −∞)
are the complete system of eigenvalues and orthogonal and normalized in L 2 (Π) eigenfunctions of the two-dimensional Laplace operator −Δ in the rectangle Π := {x = (x 1 , x 2 ) : 0 < x 1 < a, 0 < x 2 < b} with the Dirichlet and the Neumann conditions, respectively, and ∇ 2 ≡ e 1 ∂/∂x 1 + e 2 ∂/∂x 2 . The estimates [12] 
are valid, for a certain m ∈ N, for the coefficients of series (2) .
From the physical viewpoint, conditions (2) mean that the scattered field is a superposition of normal waves that radiate off the dielectric body [8] . Conditions (3) provide an exponential convergence of series (2) as well as the possibility of their termwise differentiation with respect to x j arbitrary number of times.
Let us set up the generalized boundary conditions on ∂P . If u is a sufficiently smooth vector field in P, we denote by γ ν u and γ τ u the normal and the tangent components of u on ∂P , respectively. For the nonsmooth case, we give a definition of the equalities γ ν u = 0 and
Here, H 1 (P ) is the Sobolev space. Introduce the notation
E and H must satisfy the following boundary conditions on the walls of the waveguide:
If Maxwell's equations are satisfied, then the second condition in (6) follows from the first one, and it can be omitted. However, if the Maxwell operator induced by the left-hand side of (1) is considered, both boundary conditions must be used.
For u ∈ H 1 loc (P ), there exist boundary values in the space H 1/2 loc (∂P ) in the sense of the theory of traces. The normal vector is defined almost everywhere on ∂P . Therefore, we can consider the equalities of traces γ τ u = 0 and γ ν u = 0, which are equivalent to the corresponding equalities in the sense of definitions given above.
We also assume that E 0 and H 0 are solutions of the BVP under consideration in the absence of the nonhomogeneous body Q,ε(x) = ε 0Î , x ∈ P (Î is the identity tensor):
with the boundary conditions
These solutions can be expressed in an analytical form in terms of j 0 E using Green's tensor of domain P defined in section 3 of this paper. These solutions should not satisfy the conditions at infinity. For example, E 0 and H 0 can be TM-or TE-mode of this waveguide; their definitions are given, e.g., in [8, 9] .
For smoother data, some results concerning the smoothness of solutions of problems (7), (8) and (1), (6) can be proved. One of them is as follows (see [22] ). 
E ) whose components are the fundamental solutions to the Helmholtz equation in P with the coefficient k 2 0 and satisfy the boundary conditions of the first or second kind on ∂P , which ensure that the tangential components of the intensity of the electric field vanish on the walls of the waveguide. Note that it is generally known how to construct such Green's tensor functions; however, we state, to the best of our knowledge, that this very tensor is written down (in the explicit form given below) for the first time.
Consider three Green's functions
, y ∈ P , with different boundary conditions on different walls of the waveguide.
G j E (j = 1, 2, 3) satisfies the Helmholtz equation (y ∈ P is fixed)
the boundary conditions (12) and the conditions at infinity, according to which Green's function can be represented, for |x 3 | ≥ C 0 and a certain C 0 > 0, in the form of the series
where {λ
p } is the complete system of eigenvalues and orthogonal and normalized (in L 2 ) eigenfunctions of the two-dimensional Laplace operator −Δ in a rectangle Π, with the boundary conditions
The coefficients T (13) do not depend on x and are uniformly bounded with respect to variables p and y in every bounded subdomain P .
The branch of the square root for γ (j) p is chosen according to (14) :
Here, γ nm = ( Consider the dependence of Green's functions on parameter k 0 . Denote by Λ j (P ) the set of the point at which G j E are not defined:
Assume that
E (x, y; k 0 ) are analytical in C + with respect to k 0 and continuous at the points C + \ Λ j (P ) because the series converge exponentially. For the general case, the convergence of the series for Green's functions is studied in [6] .
Write G j E in the form in which the singularity at x = y is singled out:
Here, the function g j ∈ C ∞ (Q ×P ) (see [12, p. 85] ). Note that Green's function is not connected with a particular domain Q; our requirement, however, is that Q cannot touch the walls which yield the smoothness of g j . This property is important; in fact, it yields a compact integral operator defined below (because its kernel is infinitely smooth in the closed domainQ ×P ). Hence, due to the symmetry of Green's functions 1, 2, 3) , we have the following proposition.
Proposition 2. Green's tensorĜ E can be represented bŷ
|x − y|Î +ĝ(x, y), x,y∈ P, (19) where the matrix function (tensor) 
Note that Green's functions have a single singularity of the form and have no other singularities, due to the assumption that the body does not touch the waveguide walls, i.e.,Q ⊂ P .
VSIE.
In this section, we reduce BVP to a VSIE and prove the equivalence theorem.
Let BVPs (1)- (6) and (7), (8) have unique solutions. Rewrite (1) in the equivalent form
where
In the last equation, j p E = −iω(ε(x) − ε 0Î )E is the polarization current. The solution of BVP (20) , (6) is given by
is the vector potential of the electric current that satisfies the equation
Using the statements given before and after formulas (4) and (5), one can verify that solutions (22)- (24) satisfy Maxwell equations (in the sense of distributions) and boundary conditions (6) .
Therefore, A E is the convolution with Green's tensor of domain P (the waveguide of rectangular cross section) for the Helmholtz equation; this convolution ensures that the boundary conditions for the fields under consideration are satisfied. Note that conditions (6) on the waveguide walls are fulfilled because we actually choose boundary conditions for the components of Green's tensor so as to satisfy (6) .
However, formulas (22) do not give an explicit solution of problem (20),(6) because the current j E depends on E. Relations (21)- (23) for E imply the integro-differential equation
Moreover,
Formula (26) gives the solution E(x) in P \ Q if E(y), y ∈ Q, is a solution to (25) . The field H is given in terms of the solution to (25) by
The integro-differential equation obtained above can be reduced to a VSIE. Represent Green's function in the form
Let x 1 , x 2 , x 3 and y 1 , y 2 , y 3 be the coordinates of the points x and y, respectively. Consider the second integral in (25) for the electric field. Let us show that one can move the operations grad and div under the integral signs of the form QĜ p (r)U(y)dy (p = 0, 1, 2).
In the Cartesian coordinate system, we have
where l = 1, 2, 3.
For the function G 0Î , the second derivative may be moved under the integral sign, since this function and its first derivative have a weak singularity. This is also true for the functionĜ 2 , since its components g k (k = 1, 2, 3) are smooth. Let α = (y − x)/r. The following statement proved in [16, sect. 8] provides an important property concerning the differentiation of the integral operators whose kernel has a singularity of order 1/r 2 .
Lemma 1 (see [16] ). Suppose that the function ψ(x, α) has continuous first derivatives with respect to the Cartesian coordinates of the points x and α inQ and u ∈ L 2 (Q). Then, the integral
r 2 u(y)dy (30) has the generalized derivatives ∂ω/∂x k ∈ L 2 (Q), k = 1, 2, 3. These derivatives are given by , we obtain the well-known (see [22] ) representation (32) where δ ln is the Kronecker delta.
Using the relations obtained above, we reduce the integro-differential equation (25) to the vector singular IE
(33) Here, the tensorsΓ,Γ 1 , andΓ 2 are given bŷ
The solvability of (33) and the equivalence of the boundary value diffraction problem and the singular IE are established by the following theorem.
Theorem 1. Suppose the body Q has the piecewise smooth boundary ∂Q and the positive permittivity tensorε
Suppose that E, H and E 0 , H 0 are unique solutions of BVPs (1), (6), (7), (8), respectively. Then, the IE (33) (27)) give a solution of the BVP for Maxwell's equation system (1) satisfying condition (6) .
Proof. Under the conditions of the theorem, BVPs (1), (6) and (7), (8) have unique solutions. It was shown above that, in this case, the IE has a solution E| Q ∈ L 2 (Q), which is the restriction of E ∈ L 2 (P ) on Q. Obviously, this solution is unique; otherwise, homogeneous (for j 0 E = 0) BVP (1), (6) would have a nontrivial solution (given by formulas (26)- (27)), which contradicts Proposition 1.
Conversely, if E| Q ∈ L 2 (Q) is a solution to the IE, then formulas (26) and (27) give the field E in P \ Q and the field H in P . These representations are another form of (21)- (23) . The direct substitution of these expressions into Maxwell's equations (1) and the direct verification of the boundary conditions (6) complete the proof.
Galerkin method.
Integral equations can be effectively solved by the Galerkin method. For the equation Aϕ = f (ϕ, f ∈ X) in the Hilbert space X, this method is formulated as follows. The approximate solution ϕ n ∈ X n is determined from the equation P n Aϕ n = P n f , where ϕ n ∈ X n (X n is an n-dimensional subspace of X) and P n : X → X n is the orthogonal projector on the finite-dimensional subspace. Let X n be linear spans of the basis functions: X n = span {v 1 , . . . , v n }. We require that the basis functions satisfy the approximation condition
The equation P n Aϕ n = P n f is equivalent to the equation
where (·, ·) X is the scalar product in X. Represent the approximate solution by a linear combination of the basis functions v k . Substitute it into (36) to obtain the following system of linear algebraic equations in the unknown coefficients: In this case, we have the quasi-optimal estimate of the convergence rate [13] :
Consider the convergence of the Galerkin method for the vector integral equation for the electric field (33). The following lemma contains an important assertion on the convergence of the projection method.
Lemma 2 (see [13] ). Suppose that A : X → X is a bounded operator, its inverse is also bounded, and the projection method converges for A. Furthermore, suppose that B is a linear bounded operator, A + B is an injection, and B satisfies one of the conditions
Then, the projection method converges for the operator A + B. Rewrite (33) for the electric field in the form
where the operators S and K are defined in accordance with 
and the approximation condition (35) is satisfied. Then, (39) has a unique solution for any right-hand side E 0 ∈ L 2 (Q), and the Galerkin method converges for (39). Proof. Apply estimation [22, p. 60] , to the norm of the singular integral operator in L 2 :
due to the assumption on the tensorε.
In Lemma 2, set
where P n are orthoprojectors and P n = 1. Condition (a) of Lemma 2 is satisfied in this case. Therefore, the Galerkin method converges for the operator I +S. Condition (a) also ensures that I + S is invertible. The operator K is compact in L 2 (Q), since the kernel of the first operator in its definition has a weak singularity and the kernel of the second operator is infinitely differentiable by Proposition 2 (the properties of integral operators with weak singularities are described, for example, in [16] ). Therefore, I + S − K is a Fredholm operator. Moreover, I + S − K is injective by the condition of theorem. Therefore, (39) has a unique solution for any right-hand side E 0 ∈ L 2 (Q). Applying the second part of Lemma 2 to the operators A = (I + S) and B = −K, we prove the convergence of the projection method for (39). The theorem is proved.
Return to the construction of the Galerkin scheme for the diffraction problem. We will describe the method for the integro-differential equation (33) rather than for the singular integral equation (25) . This is advantageous because the corresponding integrals have a convenient representation. We assume that the matrix (ε
, whereÎ is the identity matrix. Introducing the notation
we obtain the following equation from (25) :
We represent the latter equation as the system of three scalar equations
(46) Define the components of the approximate solutionJ as follows:
where f k i are the basis functions which substantially depend only on x k . Let us describe the construction of functions f
It should be noted that it is not a trivial example: the proposed basis functions turn out to be differentiable with respect to the required direction and permit application of the external grad differential operation to test functions which do not yield an additional surface integral. Finally, using these basis functions, we obtain explicitly all necessary computational formulas: the coefficient matrix entries and the right-hand side components.
Divide Q into the parallelepipeds 
The functions f 2 ijm and f 3 ijm , which depend on the variables x 2 and x 3 , respectively, are defined similarly. Since In these formulas,Ĝ H (x, y) is Green's tensor function of the rectangular waveguide corresponding to an arbitrary distribution of the magnetic field sources. As a Green's functionĜ E (x, y), it can be represented by the sum of a singular term of the same type and a smooth function. Therefore, all the theorems formulated above hold for the problem of the waveguide excitation by a magnetic current.
Conclusion.
We have developed the VSIE method for the analysis of electromagnetic wave diffraction by a dielectric body in a three-dimensional waveguide. We have proved the Fredholm property and existence and uniqueness of the solution to VSIE in L 2 and obtained some results concerning the smoothness of solution. We have constructed and justified a Galerkin method for the numerical solution of VSIE.
In general, the approach and analysis set forth in the paper can be applied to a waveguide of arbitrary cross section because it is known how to extract the singularity of Green's function for a wide family of cross-sectional domains. Of course, Green's function itself cannot be written explicitly in that case, which is a crucial circumstance for the present approach. In fact, the developed VSIE method is mainly aimed at a numerical solution by the Galerkin method and therefore one needs an explicit form of Green's function.
The solution technique developed for Q being a parallelepiped and based on the VSIE method is implemented in computer codes based on a uniform rectangular grid and the specific family of basis functions described in the present article. The computer codes employ fast Fourier transform and parallel computations performed on supercomputers. We plan to prepare a separate paper devoted to the case when Q is a parallelepiped. We will include to this paper the analysis of nontrivial questions concerning explicit extraction of singularity, algorithms for parallel computations, methods of solution to linear algebraic equation systems, results of computations, and more.
